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INTRODUCTION

It is well known that ground with irregular to-
pographic surfaces causes complicated seismic
responses. The process of generating the com-
plex responses, however, is not yet clear. In this
study, we investigated the excitation process of

complicated seismic responses induced by irreg-
ular ground surfaces in terms of the contribution
of scattered waves by using the direct boundary
element method and Neumann series expansion.

BOUNDARY ELEMENT METHOD

Displacements of SH-waves with harmonic time-
dependence of angular frequency �, ��������, sat-
isfy the Helmholtz equation�
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where ���� is the displacement at arbitrary point
� � ��� ��, �� � �	
 is the wavenumber of the
S-wave, and 
 is the S-wave velocity.
From Eq. (1), the following integral equation can
be obtained:
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where � and � are points on boundary � , ����
is the Cauchy principal-value integral, ��� � is the

dispacement of the incident wave, and ��� �� � is
the fundamental solution.

By the discretization of Eq. (2), we get the follow-
ing simultaneous equations:
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where � � is the boundary element matrix whose
elements are given by
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FORMULATION OF SCATTERED WAVES

Applying the Neumann series expansion to Eq. (3),
the unknown displacement � can be expressed in
the form
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where � is a unit matrix, and � satisfies
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The non-diagonal elements of � are given by
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while the diagonal components are zero.

The first term of the series, 
��, represents the
response at the ground surface induced only by an

incident wave (i.e., without scattered waves). The
second term, 
��, can be understood as first-order
scattered wave, because this term represents the
responses to the cylindrical waves coming from
the other parts of the ground surface.

Eq. (3) can also be modified as
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where
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The the second term, � 
�, represents total scat-
tered wave including multiple scattering generated
at the irregular ground surface.



INCLINATION FACTOR AND POLARITY OF SCATTERED WAVES

The mathematical expression of the first-order
scattered wave given by Eq. (7) has two factors:
the former ������

� ����� represents a cylindrical
wave propagating from the source node where the
incident wave impinges, and the latter, ��	�����,
represents amplitude of the secondary wavelet
propagating in each direction. We refer to the lat-
ter as the inclination factor.

For example, for reference point � � and source
point �� located on concave topography as shown
in the figure (a), the waveform of the first-order
scattered wave at reference point � � has negative

polarity (opposite polarity to that of incident wave
��) because the integrand of Eq. (7) for ��	 be-
comes
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for the negative inclination factor ��	�����. On
the contrary, for the points on convex topography
(figure b), the polarity of the first-order scattered
wave is positive (same polarity as that of the in-
cident wave) because of their positive inclination
factor.
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A ground model with a sinusoidal surface having
three reference points A, B, and C is shown in
the figure in order to examine the characteristic
responses of the ground surface. The model was
assumed to be an isotropic homogeneous elastic
half-space with S-wave velocity of 100 m/s. The
length and amplitude of the sinusoidal part are 45
m and 5 m, respectively.

SURFACE RESPONSE

This figure shows waveforms at various positions
obtained using the conventional BEM.

In this figure, we can see that the response at the
trough (point A) has smaller amplitude but a more
complicated shape with several bends compared to
those at the other locations. These bends can be
inferred as the arrivals of scattered waves and will
be discussed in detail in the next section.

Meanwhile, the waveform at the peak (point B)
shows larger amplitude: this result is consistent
with previous observations indicating that amplifi-
cation occurred at the top of a hill or mountain.
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SCATTERED WAVES ARRIVING AT A TROUGH
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These figures plot waveforms of the scattered
waves emanating from each part of the ground sur-
face (source node) and observed at point A. The
waveforms are plotted on the horizontal position of
the source node.

In the figure (a), we can observe that (1) the bend
after the peak can be attributed to the scattered
waves coming from the slope of the convex part
facing point A (indicated by 1 on the ground model
shown to the left side of the vertical axis). (2)
The decrease in the peak amplitude is caused by
the scattered waves coming from the ground sur-
face close to point A (indicated by 2 on the ground

model).

In the figure (b), the first-order scattered waves
coming from the slope of the convex part (1) have
positive polarity and time delays. Considering
Eq. (7), it is well understood that the positive po-
larity is due to the positive inclination factor at the
source node for point A, and the delays are pri-
marily caused by the wave propagation from the
source nodes to point A. The scattered waves from
the nearby surface (2) can also be attributed to
short distance � and the negative inclination factor
��	�����.



SCATTERED WAVES ARRIVING AT A PEAK
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Point B is located at the peak of the sinusoidal
ground model and represents mountains or areas
with higher elvations.

In these figures, we can see that the waveforms
of the total and first-order scattered waves from
this part (indicated by 1) have positive polarity, and
their peak amplitudes appear almost at the same
time as that of the incident wave. The large peak
amplitudes and the timing of the arrivals of these
scattered waves can be attributed to short distance
� for the same reason discussed in the previous
section for point A; the positive polarity is due
to the positive inclination factor around point B.
Thus, these scattered waves always have positive
polarity, so they always enhance the amplitude of

the response at the peak due to constructive in-
terference no matter what impinging occurs from
incident waves. This is an explanation for ampli-
fied seismic responses observed at a peak from the
viewpoint of the contribution of scattered waves.

In the figure (a), we can also observe the total
scattered waves from the flank of the convex part
on the left (indicated by 2) as well as the flat areas
(indicated by 3); the former implies the propaga-
tion of the scattered waves beneath the trough
(indicated by 4). This observation highlights that
diffraction has to be considered in discussions on
seismic response at ground surfaces with irregular
topography.



CONCLUSION

We analyzed scattered waves induced by ground
surface irregularities and examined the excitation
process of the complicated seismic response of the
ground. The major conclusions of this study are
enumerated as follows:

1) The contribution of the scattered waves was
formulated based on the BEM and Neumann
series expansion. By using this method, the
surface response of the ground can be de-
composed into an incident wave and scattered
waves in the order that represents the number
of reflections at the ground surface,

2) The mathematical expression of the first-
order scattered waves consists of the incli-
nation factor and the wave function of sec-
ondary wavelets, which is similar to that of the
Huygens-Fresnel principle,

3) The inclination factor is simply given by the
term ��	��, and it is an effective index to
evaluate the amplitude of scattered waves.

In the numerical analysis using a sinusoidal ground
model, we pointed out the following:

4) The first-order scattered waves dominate the
other higher-order ones; therefore, we can in-
vestigate the characteristics of the total scat-
tered waves based only on the property of the
first-order scattered waves,

5) At the trough (point A), the contribution of the
first-order scattered waves consists mainly

of the contribution from (1) the slope of the
convex part facing the reference point and (2)
around the reference point on the concave part.
The former scattered waves (1) have positive
polarity because of the positive inclination fac-
tor and appear much later than the arrival of
the incident wave due to wave propagation
from the source points. In contrast, the lat-
ter (2) have negative polarity because of the
negative inclination factor, and appear almost
at the same time as the arrival of the incident
wave because of the short propagation distance.
Therefore, these scattered waves always cause
destructive interference with the incident wave
at a trough; and

6) At the peak of the mountain (point B), large-
amplitude first-order waves scattered from a
nearby surface are observed. These scattered
waves have positive polarity and appear almost
at the same time as the arrival of the incident
wave because of the positive inclination factor
and the short propagation distance. Therefore,
these scattered waves always cause construc-
tive interference with the incident wave at a
peak.

7) Thus, the Neumann series expansion of the
BEM matrix can reveal the excitation pro-
cess of the complicated response observed in
an irregular topography by decomposing the
response into an incident wave and scattered
waves.
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